A new Kohn-Sham method that treats exchange interactions within density functional theory exactly is applied to Si, diamond, GaN, and InN. The exact local exchange potential leads to significantly increased band gaps that are in good agreement with experimental data. Generalized gradient approximations yield exchange energies that are much closer to the exact values than those predicted by the local density approximation. The exchange contribution to the derivative discontinuity of the exchange-correlation potential is found to be very large (of the order of 5-10 eV). [S0031-9007(97) [6] [7] [8] [9] . The first practical implementations of these schemes for solids gave encouraging results for band structures in semiconductors, but were forced to use shape approximations for the potentials [9, 10] or averaged eigenvalue gaps in the one-particle Green function [11, 12] .
Exact Kohn-Sham Exchange Potential in Semiconductors
A new Kohn-Sham method that treats exchange interactions within density functional theory exactly is applied to Si, diamond, GaN, and InN. The exact local exchange potential leads to significantly increased band gaps that are in good agreement with experimental data. Generalized gradient approximations yield exchange energies that are much closer to the exact values than those predicted by the local density approximation. The exchange contribution to the derivative discontinuity of the exchange-correlation potential is found to be very large (of the order of 5-10 eV All current electronic structure calculations of solids that are based on the Kohn-Sham (KS) method of densityfunctional theory [1] approximate both the exchange as well as the correlation potential and the corresponding energies. Most frequently, the local density approximation (LDA) [1] or generalized gradient approximations (GGA) [2] [3] [4] [5] are employed. Recently, several schemes have been proposed to calculate the KS exchange potential rigorously [6] [7] [8] [9] . The first practical implementations of these schemes for solids gave encouraging results for band structures in semiconductors, but were forced to use shape approximations for the potentials [9, 10] or averaged eigenvalue gaps in the one-particle Green function [11, 12] .
In this Letter, we present an exact determination of the KS exchange potential, its discontinuity, and the exchange energy for solids, and discuss results for Si, diamond, GaN, and InN. In addition, the exact treatment of the exchange interaction enables us to assess the quality of conventional approximate KS methods. Our calculations are based on a recently developed general procedure [7, 8] that allows one to evaluate the local KS exchange potential V x ͑r͒ rigorously. The potential V x ͑r͒ equals the functional derivative of the exchange energy E x with respect to the electron density r͑r͒. This derivative is not directly accessible, however, since E x is known only in terms of the one-particle KS states w i , and the explicit functional dependence of the orbitals w i on the electron density is unknown. The key idea of Ref. [7] is to determine V x ͑r͒ by noting that the exchange potential requires only the knowledge of the first order change of E x with respect to the density. One may employ the chain rule to obtain, in a shorthand matrix notation,
In Eq. (1), V KS denotes the total local potential in the single-particle KS Hamiltonian T 1 V KS , the eigenstates of which are w i . The three first-order derivatives on the right-hand side of Eq. (1) can be calculated rigorously from E x , from first order perturbation theory, and by invoking linear response theory [7, 8] , respectively. Because of the Hohenberg-Kohn theorem, there exists a one-to-one mapping between the potentials V KS ͑r͒ and densities r͑r͒ which guarantees that the functional derivative dV KS ͑r͒͞dr͑r 0 ͒ is defined. Its matrix representation has to be constructed by inverting dr͞dV KS on a restricted function space of dr͑r͒ and dV KS ͑r͒ that excludes constant functions. This can most easily be achieved by representing the KS orbitals and potentials in a plane-wave basis and excluding the zero wavevector components [8] . In a plane-wave representation, with G, G 0 denoting reciprocal lattice vectors, one obtains
where r cyk ͑G͒ ͗ckj exp͓iG ? r͔ jyk͘,´n k are the valence (y) and conduction (c) state KS eigenvalues of Bloch momentum k, and V denotes the crystal volume. The operator V NL x in Eq. (3) has the same form as the nonlocal Hartree-Fock exchange operator but is constructed with KS one-particle states. The inverse of x 0 is to be taken in the subspace of nonzero reciprocal lattice vectors and is denoted byx 21 0 . Note that the zero wavevector component of V x can be chosen arbitrarily since the KS orbitals are invariant with respect to adding a constant to the KS potential. If correlations are neglected, the solution of the KS equations with the exchange potential of Eq. (1) represents an exact "exchange-only" KS procedure which is physically equivalent to the so-called optimized potential method (OPM) [6] that has only been applied to atoms so far [6, 11, 13] . However, a straightforward extension of this method to periodic systems leads to divergencies since the integral kernel of the OPM integral equation is not invertible for infinite systems. The present exact exchange formalism, that we abbreviate by EXX, eliminates these divergencies exactly.
Equation (2) gives the exact local KS exchange potential V KS in a form that is well suited for pseudopotential planewave calculations. In order to rigorously stay within the density functional framework, the external potential in the KS equations should be local as well. We have therefore employed a local ionic pseudopotential for Si [14] at first. In addition, we have evaluated V x using standard nonlocal, norm-conserving pseudopotentials [15] .
All densities and electronic energies were determined with ten special k points. Kinetic energy cutoffs of 25, 65, 45, and 40 Ry, for Si, diamond, GaN, and InN, respectively, were used, and the band summations included all conduction bands. The matrix size ofx 0 lay between 258 3 258 and 458 3 458. We have checked very carefully that the presented band gaps are converged to 0.02 eV, LDA and GGA energies to 0.01 eV͞atom, and EXX and Hartree-Fock energies [16] to 0.04 eV͞atom. exact potential. This is due to the unphysical, repulsive, self-interaction that is contained in the LDA. Other gradient approximations [2, 3, 5] show similar trends and yield too large exchange potentials in regions of low density. In accord with these findings, the EXX method yields a more pronounced variation of the valence charge density across the [111] axis than LDA as shown in Fig. 1(b) . The GGA methods tend to overestimate this more pronounced inhomogeneity of the charge density. These trends in the exchange potentials and densities are present in all semiconductors that we have studied. EXX ͔, evaluated at the self-consistent density r EXX , to equal 229.40 eV͞atom. Here, the local pseudopotential [14] has been employed again. In Fig. 2 , this result is compared to those obtained with several approximate functionals [2] [3] [4] [5] . The LDA exchange energy is 227.72 eV͞atom and deviates from the exact value by a very significant amount of 6% whereas all gradient approximations show much improved values. Thus, gradient approximations that have been originally fitted to atomic data show a remarkable transferability to extended systems. Figure 2 also that these self-consistent calculations were performed without taking correlation contributions into account. The self-consistent total energy E EXX tot ͓ r EXX ͔ in Si is found to be equal to 2104.75 eV͞atom. This has to be compared with the exchange-only LDA and GGA [4] values of 2103.21 and 2104.92 eV͞atom, respectively. Thus, the relative error is 21.5% for LDA and only 0.2% for the GGA of Ref. [4] . All these findings show clearly that GGA exchange and total energies are definitely superior to the ones obtained within the LDA. We obtained very similar trends in all the other solids that we have investigated.
The self-consistently determined Hartree-Fock exchange and total energies are 229.61 eV͞atom and 2104.87 eV͞atom, respectively, in Si. Thus, they are very close to the corresponding EXX values. The same holds for the self-consistent Hartree-Fock and EXX densities that deviate by less than 10 24 % at the bond center. Similar findings have been reported for atoms before [11] . We point out that the difference between Hartree-Fock and exchange-only EXX is that E x is evaluated with Hartree-Fock orbitals and Kohn-Sham orbitals, respectively. In the former method, the single particle equations contain a nonlocal exchange potential, whereas the EXX method leads to a local potential. This locality may be considered as an additional restriction for the wavefunctions, which causes the EXX total energy to be higher than in Hartree-Fock.
In Table I , we summarize the fundamental band gaps in Si, diamond, GaN, and InN as obtained by the LDA and EXX method, respectively. In both cases, we have included LDA correlations [17] , even though they are found to raise the gaps by only 0.1-0.2 eV in all materials and in both methods. In the case of Si, the use of local or nonlocal pseudopotentials makes very little difference. For all considered semiconductors, the EXX band gaps are roughly 1 eV larger than the corresponding LDA gaps and in much better agreement with experiment. This systematic improvement can be attributed to the absence of the self-interaction in the EXX formalism. In the LDA method, the self-interaction is well known to raise the more localized valence states relative to the delocalized conduction band states and to diminish the gap.
In Table II , we compare the presently calculated band gaps for silicon with results obtained by alternative density functional or quasiparticle methods. Both the EXX͞ASA [9, 10] and the KLI method of Ref. [12] also attempt to compute the exchange potential exactly. The former method employs a shape approximation (atomic sphere approximation, ASA) for the KS potential and density. The KLI method uses an averaged eigenvalue approximation in the one-particle Green function contained implicitly in Eqs. (3) and (4) . In order to check the dependence of the results on the type of pseudopotential, we have employed standard LDA [15] as well as relativistic KLI [18] and (consistent) EXX [19] pseudopotentials. Ref. [26] .
As summarized in Table II , the different pseudopotentials have very little influence on the EXX results in Si. By contrast, the KLI approximation for the valence electrons is seen to have a very noticeable effect on band gaps. The exact KS band gap differs from the true band gap by a finite discontinuity D xc of the exchange-correlation potential [20] , whose size has not been unambiguously determined until now [21] . Fortunately, the exact exchange potential enables us to calculate the exchange contribution Ref. [29] . d Ref. [19] .
D x to the discontinuity exactly. It is given by [22, 23] 
where jck͘ and jyk 0 ͘ denote the energetically lowest conduction and highest valence band states, respectively. As can be deduced from Table I , D x amounts to typically twice the band gap. Since the discontinuity D xc is guaranteed to be smaller than the true band gap by its definition, the correlation contribution to the discontinuity must cancel a large portion of the exchange part D x . Importantly, the sum of the EXX band gap and D x turns out to be almost identical to the Hartree-Fock band gap; the differences are found to be less than 3% in the semiconductors that we have studied. This can be understood by assuming the difference between the Hartree-Fock and the exchange-only EXX orbitals to be negligible. With this assumption, the matrix element ͗w i jV NL x 2 V x jw i ͘ equals the difference between the ith Hartree-Fock and exchange-only EXX one-particle energy. Thus, D x equals the difference between the Hartree-Fock and the EXX eigenvalue gaps. We note that one may interpret the right-hand side of Eq. (5) alternatively as the exchange contribution to the excitation energy between any pair of valence and conduction band states [22] , and we have included several of these values in Table I as well.
In conclusion, we have provided a way to take into account exchange in the KS theory exactly that may be considered a rigorous starting point for treating correlations.
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